JACOB'S LADDERS AND THE FIRST ASYMPTOTIC FORMULA 
FOR THE EXPRESSION OF THE SIXTH ORDER 

|C(l/2 + ^(t)/2)| 4 |C(l/2 + i t)| 2 

JAN MOSER 

Abstract. It is proved in this paper that there is a fine correlation between 
the values of |C(l/2 + iip(t)/2)| 4 and |C(l/2 + it)\ 2 which correspond to two 
segments with gigantic distance each from other. This new asymptotic formula 
cannot be obtained in known theories of Balasubramanian, Heath-Brown and 
Ivic. 

Dedicated to the memory of Anatolij Alekseevich Karatsuba (1937-2008). 

1. Results 

1.1. The following theorem holds true 
Theorem. 

Z 2 (t)dt ~ — Ula 5 T, U = T 7 / 8+2e , T -> oo, 
where <p[t) is a Jacob's ladder, 

(1.2) t - i<p(t) - (1 - c)7r(*), t -> oo 

(see [3J, (6.2)), c is the Euler constant and ir(t) is the prime-counting function. 

Remark 1 . The formula (jl.ll) is the first asymptotic formula in the theory of the 
Riemann zeta- function for the sixth order expression /2+i(p(t) /2)\ 4 \( t (l / 2+it)\ 2 . 
This formula cannot be obtained by methods of Balasubramanian, Heath-Brown 
and Ivic (see 0). 

1.2. Since (sec (fL2]l 

T + U-±tp(T + U)>(l-c-e)^ f , 
we have (see the condition for U in (11.11) 

(1.3) T - ~<p(T + U) > (1 - c - e)^ -U>(l-c- 2e)^. 
Hence, using the mean- value theorem in (|1.1[) we obtain 
Corollary. 

z 2 ( a ) ~ rA m5r . oo, 

2n 2 




(1.4) 



(p(a) 
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where 



(1.5) ae(T,T+U), -<p{a) G -tp(T), -tp(T + U)),a = a{T, U, <p) = a(T), 



and 



[T,T + U] f| 
(1.6) p([T,T + U] 



ly(Tl\ip{T + U) 
hp{Tl\y{T + U) 



T 

> (l-c-2e)— ->(», 



where p denotes the distance of the corresponding segments. 

Remark 2. Since U = T 7 / 8+e , a(T) is the single-valued function of T: one mean- 
value of the set {a(T)} corresponds to each sufficiently big T. 

Remark 3. Some nonlocal interaction of the functions 

|C(l/2 + *^)/2)| 4 , |C(l/2 + z<)| 2 



is expressed by formula (|1.4p . This interaction is connected with two segments 
unboundedly receding each from other (see (|1.6|) . p —> oo as T — > oo) - like mutually 
receding galaxies (the Hubble law). 



Remark 4. Since T 
obtain 



a(T), a e (T, T + U), then from (TO} (see also (TO]) we 
1 In 5 / 2 a 



(1.7) 



|Z[a(T)]| 



1 



2 



a(T) ~ -ip(a) + (1 - C )tt(T), T -> oo. 



By (|1.7j) we have the prediction of the value | Z(a) \ , a G (T, T + U) by means of the 
value Z 2 [(/?(a)/2] which corresponds to argument (p[a)/2 running in the segment 
(l/2ip(T), l/2ip(T + U)) which descended from very deep past (see (11.61) ). 

Remark 5. The following auto-correlation formula 



rT+U 

It 



<p(t) 



Z 2 (t)dt ~ U In 2 T, U = T 1/3+2e 



of the fourth order takes place. This formula is fully similar to correlation formula 

Remark 6. The notions correlation, auto- correlation and prediction for the signal 

Z(t) = e*WfQ+ft) 

generated by the Riemann zeta-function are inspired by the fundamental book of 
N. Wiener, [8]. Incidentally, this book - for use of communication engineering - 
contains multitude of stimuli for development of the theory of the zeta-function. 



This paper is a continuation of the series of papers [3] -[6]. 
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2. ^-TRANSFORMATION 

We start with the formula (see [3], (3.5), (3.9)) 



(2.1) 

where (see [5], (1.5)) 
(2.2) 

Next we have 
(2.3) 

by ([21]) where 
(2.4) 

Then we obtain from (|2.3[) the following lemma 



Z 2 (i) = $>(*)] ^, T > T [ip], 



Z 2 (t) = ^-, te[T,T + U], T > T Q [cp], ue(o,^ 



7*M = = 2Z2{t ) 



Lemma. For every integrable function f(x), x £ [l/2ip(T),l/2(p(T + U)] the fol- 
lowing is true 



(2.5) 



iy(T+C7) / T 

£ 2 (£)di = 2 / /(aOdx, [/€ ' 



InT 



For example, in the case f(x) — \Z(x)\ A with A € (0,oo) we have the following 



.^-transformation 
(2.6) 



r-T+U 


Z 






IT 




2 





A rh<P(T+U) 
Z 2 {t)dt = 2 \Z(x)\ A dx. 



3. Proof of the Theorem 
3.1. First of all (see [7], p. 79) 



Z{t) = e ie ®( \-+it 



1 



\z(t)\ 



Putting A = 4 into f|2.5|) we obtain 

<p(t) 



i-T+U 

(3.1) J Z A 



Z 2 {t)dt = 2 I Z 4 (x)dx, 



i.e. we have to consider the integral 
(3.2) 



Z i {t)dt= / Z\t)dt~ / Z 4 (t)dt. 

\ip(T) JO J0 
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3.2. Let us remind the Ingham - Heath-Brown formula (see [2], p. 129) 

rp 4 

(3.3) / Z i {t)At ^Tj2Ck{\nT)^ k + 0(T 7 ^ a+e ), 

which improved the Ingham formula (see pQ, p. 277, [7], P- 125) 



f Z\t)dt =-^T In 4 T + 0(T In 3 T); C = -L 
Jo 2tH 2?H 



Hence, by 
(3.4) 



p.3[) we have 
/ Z 4 (t)di = 



k=0 



<p(t) 



4-k 



t=T+U 



+ 0{T 7/8+£ ) = 



t=T 



CkV k + G(T 7 / 8+e ), U = T 7 '* +2 \ 



k=0 



where 
(3.5) 



v* = \<pV + u) m*-* - ^(T) m 4 - . 



3.3. By the Ingham formula (see Q], p. 294, [7J, p. 120) 



(3.6) 



/ Z 2 (t)dt = T In T + (2c - 1 - In 2tt)T + 0(T 1/2 In T) 
Jo 



we have in the case U = r 7 / 8 + 2e 

/■T+C/ 

(3.7) 



/■J -ru 

/ Z 2 (i)di = f7 In T + (2c - In 2ir)U + 0{T 7/s+t ) 
Next we have (see [5], (1.2)) 

rT+U f /l 1 T 

y Z 2 (t)dt = [/ln(T)tan[a(T,[/)]|l + e> ' n " 



(3.8) 

Comparing formulae (13.71) and (I3.8[) we obtain 

<p(T + U)-<p(T) 



2U 



tan[a(T, U)] = l + 



(3.9) 

3.4. Since (see ([T3]) 
(3.10) 
it follows that 

(3.11) ln^±^-ln^=ln.^ T + ^ 



InT 



In InT 
InT 



T-^(T)~(1-c)tt(T) => T~^(T), 



= In 



2 ~ 2 ~ <p(T) 

.vj(r + cr)-v(r) i 



1 + C7- 



f7 



= 01- I =o 



2f7 
1 



<p(X) 







= In 









yl/8-2e ( ' 
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(see (O, (pTTD]0, Hence, by (jXTTj) 
(3.12) 



In 



4 ¥>(T + U) 



In 



2 

4#) 



1 



2 2 
3.5. Next we have (see ([33]), (O and (|3~T2)) ) 

(3.13) 

1 







jn/8-2e 

ln 3 T 



yl/8-2e 



2J7 



^(T + U) <p(T) 
2 

lnlnT 
InT 
1 

yl/8-2. 



2 



ln 3 y(T + i7) 



In 



C(ln 3 T) 



1 + 



1 



jU/8-2e 



= U In 4 + £>([/ In 3 T In In T) ~ U In 4 T. 

Similarly, 

(3.14) Vi = 0{U In 4 "' T), / = 1,2,3,4 . 

Then from (|3.4|) by (|3.13j) and (|3.14[) the asymptotic formula 

Z 4 (t)dt ~ C U\nT 

follows, i.e. (see (01]), (pU5in 



(3.15) 



(3.16) 



<P{t) 



Z 2 (t)dt ~ 2C U\nT. 



3.6. Next, using the mean- value theorem the left-hand side of (|3.16j) reduces to 
2 



(3.17) 



r T+U 

/ Z A 




IT 


2 



Z 2 (t)dt, r e (T,T + U). 



Since lnr ~ InT, T oo then, from (3.16) by (3.17) the formula (1.1) follows. 
Remark 7. The proof of (1.8) is similar to (3.1)-(3.17). 

4. Concluding remarks 

Let 

S(t) = - argC(l/2 + it), Si(T) = / S(t)df. 

Jo 

In one of my next papers the following correlation formulae 



T+U 



s 



Si 



|C(l/2 + it)rdt 



(2fc)! 
fc!(27r) ; 



r C/lnT(lnlnT) fc , 



V(*) 



2A- 



|C(l/2 + ^)| At ~ d n £/lnT, 
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where U = T 1 / 2+e , will be studied. 

I would like to thank Michal Demetrian for helping me with the electronic version 
of this work. 
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